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Abstract. The aim of this paper is twofold: First, we characterize an es- 
sentiaUy optimal class of boundary operators which give rise to self-adjoint 
Laplacians — Ae,n in d"x) with (nonlocal and local) Robin-type bound- 

ary conditions on bounded Lipschitz domains Q C M", n G N, n > 2. Second, 
we extend Friedlander's inequalities between Neumann and Dirichlet Laplacian 
eigenvalues to those between nonlocal Robin and Dirichlet Laplacian eigen- 
values associated with bounded Lipschitz domains fi, following an approach 
introduced by Filonov for this type of problems. 



1. Introduction 

In recent years, there has been a flurry of activity in connection with 2nd-order 
eUiptic partial differential operators, particularly, Schrodinger-type operators on 
open domains C M", n e N, n > 2, with nonempty boundary dfl, under various 
smoothness assumptions (resp., lack thereof) on fl, and associated nonlocal Robin 
boundary conditions. We refer, for instance, to [2]. [5]. [i]. P ] , P ^ . [TB]. P^. [T5 ] . 
[T7] . [25] . [26] . [28] . [29] . [35] . [37] . [40] . [52] . and the literature cited therein. 

If fl is minimally smooth, that is, a Lipschitz domain, these Robin-type boundary 
conditions are formally of the type 

P +eiu\9n)^0 (1.1) 

in appropriate Sobolev spaces on the boundary dil, where v denotes the outward 
pointing normal unit vector to dQ, and is an appropriate self-adjoint operator in 
L'^(dil;d'^~^Ld), with d^^^uj the surface measure on dfl. The boundary condition 
in (II. ip is called local and then resembles the familiar classical Robin boundary 
condition for smooth domains 17, if O equals the operator of multiplication Me 
by an appropriate function 9 on the boundary dQ (cf., e.g., |50 )• Otherwise, 
the boundary condition (jl.ip represents a generalized or nonlocal Robin boundary 
condition generated by the operator O. The case = (resp., 9 — 0), of course, 
corresponds to the case of Neumann boundary conditions on dfl. The case of 
Dirichlet boundary conditions on 9f2, that is, the condition u|gsi = (formally 
corresponding to Q = oo, resp., 9 = oo) will also play a major role in this paper. 
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Schrodinger operators on bounded Lipschitz domains fl with nonlocal Robin 
boundary conditions of the form (jl.ip . have been very recently discussed in great 
detail in '25' and [26] , and our treatment of nonlocal Robin Laplacians in this paper 
naturally builds upon these two papers. 

In addition to presenting a detailed approach to nonlocal Robin Laplacians on 
bounded Lipschitz domains, we also present an application to eigenvalue inequal- 
ities between the associated Robin and Dirichlet Laplacian eigenvalues, extending 
Friedlander's eigenvalue inequalities between Neumann and Dirichlet eigenvalues 
for bounded -domains |21| . employing its extension to very general bounded do- 
mains due to Filonov [20] . We briefly review the relevant history of these eigenvalue 
inequalities. We denote by 

= ^N.ns < ^N,n,2 < ■ ■ ■ < ^NS2,j < ^N,n,j+i < ■ ■ ■ (1-2) 

the eigenvalues for the Neumann Laplacian — Ajv^o in L^{ft; (f x), listed according 
to their multiplicity. Similarly, 

< ^D,n,i < ^D,n,2 < • • • < ^D,n,j < ^D,nj+i < • • • (1-3) 

denote the eigenvalues for the Dirichlet Laplacian —Ausi in (i"a;), again 

enumerated according to their multiplicity. 

Then, for any open bounded domain fl C M", the variational formulation of the 
Neumann and Dirichlet eigenvalue problem (in terms of Rayleigh quotients, cf. [iTl 
Sect. VLl]) immediately implies the inequalities 

Ajv,Oj < Ai5,oj, jeN. (1.4) 

Moreover, Polya [17] proved in 1952 that 

AAr,o,2 < ^D,n,i, (1-5) 

answering a question of Kornhauser and Stakgold [36l. For a two-dimensional 
bounded convex domain f2 C M^, with a piecewise C^-boundary dil, Payne [46] 
demonstrated in 1955 that 

AAr,Oj+2 < Ad^Oj, i G N. (1.6) 

For domains ft with a C^-boundary and dO, having a nonnegative mean curvature, 
Aviles [8\ showed in 1986 that 

Aat.oj+i < AD,n,j , jeN. (1.7) 

This was reproved by Levine and Weinberger [39] in 1986 who also showed that 

AAr,Oj+n < Ai3,Oj, j S N, (1.8) 

for smooth bounded convex domains f2, as well as 

Ajv <Ai5,oj, jeN, (1.9) 

for arbitrary bounded convex domains. In addition, they also proved inequalities 
of the type XN,n,j+m < Ad^oj , j G N, for all 1 < m < n under appropriate 
assumptions on dil in [39] (see also [38]). For additional eigenvalue inequalities we 
refer to Friedlander [^. [^. 

In 1991, and most relevant to our paper, Friedlander [21] proved that actually 

Ajv,Oj+i < Ai3,nj, jeN, (1.10) 

for any bounded domain fl with a C^-boundary dfl. We also refer to Mazzeo [43] 
for an extension to certain smooth manifolds, and to Ashbaugh and Levine [5] 
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and Hsu and Wang [32] for the case of subdomains of the n-dimensional sphere 
5" with a smooth boundary and nonnegative mean curvature. (For intriguing 
connections between these eigenvalue inequalities with the null variety of the Fourier 
transform of the characteristic function of the domain f2, we also refer to ^.) 
Finally, inequality (11.101) was extended to any open domain fl with finite volume, 
and with the embedding H^{fl) ^ L'^{fl;d^x) compact, by Filonov [20] in 2004, 
who also proved strict inequality in (|1.10|) . that is, 

XN,n,j+i < XD,n,j, j e N. (1.11) 

We emphasize that Filonov's conditions on fl are equivalent to — Aat q, defined as 
the unique self-adjoint operator associated with the Neumann sesquilinear form in 

{Wu){x) ■ {Wv){x), u,veH\n), (1.12) 

Jn 

having a purely discrete spectrum, that is, 

(Tess(-Aw,o) = (1.13) 

(cf. also our discussion in Lemmas 12. 1[ 12. 2p . where (Tcss(') abbreviates the essential 
spectrum. While Friedlander used techniques based on the Dirichlet-to-Neumann 
map and an appropriate trial function argument, Filonov found an elementary new 
proof directly based on eigenvalue counting functions (and the same trial functions) . 
Friedlander's result (|1.10l) was recently reconsidered by Arendt and Mazzeo [5], 
which in turn motivated our present investigation into an extension of Filonov's 
result (|l.lip to nonlocal Robin Laplacians — Ae,si- In fact, if 

Ae,o,i < Ae,n,2 < • • • < ^e,n,j < Ae.nj+i < • • • , (1-14) 

denote the eigenvalues of the nonlocal Robin Laplacian — Ae.n, counting multiplic- 
ity, we will prove that 

Ae,n,i+i < Azj,oj , j G N, (1.15) 
assuming appropriate hypotheses on Q, including, for instance, 

e<0 (1.16) 

in the sense that (/, 6/) 1/2 < for every / e H^/'^{d^). Here, ( • , ■)i/2 denotes the 
duality pairing between if (5^) g^nd H-^^^{dn) = (H^^^idil))*. Filo nov's result 
was recently generalized to the Heisenberg Laplacian on certain three-dimensional 
domains by Hansson [31j . 

Most recently, the relation between the eigenvalue counting functions of the 
Dirichlet and Neumann Laplacian originally established by Friedlander in |21j , was 
discussed in an abstract setting by Safarov jlS] based on sequilinear forms and 
an abstract version of the Dirichlet-to-Neumann map. When applied to elliptic 
boundary value problems, his approach avoids the use of boundary trace opera- 
tors and hence is not plagued by the usual regularity hypotheses on the boundary 
(such as Lipschitz boundaries or additional smoothness of the boundary). In par- 
ticular, Safarov's approach permits the existence of an essential spectrum of the 
Neumann (resp., Robin) and Dirichlet Laplacians and then restricts the eigenvalue 
inequalities of the type (jl.lOl) to those Dirichlet eigenvalues lying strictly beyond 
inf ((Tcss(— Ae.n)) • Hence, Safarov's results appear to be in the nature of best pos- 
sible in this context. In addition, as pointed out at the end in Remark lS.S) Safarov's 
novel approach considerably improves upon conditions such as (|1.16[) . 
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Condition ()1.16p was anticipated by Filonov in the special case of local Robin 
Laplacians —/S.Ma,n, where Mg equals the operator of multiplication by an appropri- 
ate real- valued function 6 on the boundary d^. The case of local Robin Laplacians 
—^Mg,a associated with C^'"-domains Vl C M", a e (0, 1], was discussed by Levine 
[38] in 1988. Assuming [n — l)h{^) > 6'(^), ^ e dVl, h{-) the mean curvature on 
he established 

oj, j G N. (1.17) 

He also proved 

^MeM,j+n<^DM,j, j G N, (1.18) 

under the additional assumption of convexity of VL. (In addition, he derived inequal- 
ities of the type Ae.nj+m < ^d.qj, j G N, for all 1 < m < rt, under appropriate 
conditions on fl.) Similarly, in the case of local Robin Laplacians — Am(,,o on 
smooth domains J7 C 5*" and (n — l)/i($) > ^ e dfl, Ashbaugh and Levine [5] 
proved XMg.n,j+i < >^D,Q,j, j € N, in 1997. 

We conclude this introduction with a brief description of the content of each 
section: Section [2] succinctly reviews the basic facts on sesquilinear forms and their 
associated self-adjoint operators. Sobolev spaces on bounded Lipschitz domains 
and on their boundaries are presented in a nutshell in Section [31 Section [31 focuses 
on self-adjoint realizations of Laplacians with nonlocal Robin boundary conditions, 
and finally, Section [5l discusses the extension of Friedlander's eigenvalue inequalities 
between Neumann and Dirichlet eigenvalues to that of nonlocal Robin eigenvalues 
and Dirichlet eigenvalues for bounded Lipschitz domains, closely following a strat- 
egy of proof due to Filonov. 

2. Sesquilinear Forms and Associated Operators 

In this section we describe a few basic facts on sesquilinear forms and linear 
operators associated with them. Let "H be a complex separable Hilbert space with 
scalar product ( • , • )-h (antilinear in the first and linear in the second argument), 
V a reflexive Banach space continuously and densely embedded into 7i. Then also 
H embeds continuously and densely into V*. That is, 

v^n^v*. (2.1) 

Here the continuous embedding H ^ V* is accomplished via the identification 

H3v^i-,v)neV*, (2.2) 

and we use the convention in this manuscript that if X denotes a Banach space, 
X* denotes the adjoint space of continuous conjugate linear functionals on X , also 
known as the conjugate dual of X. 
In particular, if the sesquilinear form 

v{-,-)v'-VxV* (2.3) 

denotes the duality pairing between V and V*, then 

v(u, v)v' - (w, v)-H, ueV, ven^V*, (2.4) 

that is, the V, V* pairing v( • , • )v* is compatible with the scalar product ( • , • )-h 
inU. 

Let T e BiV, V*). Since V is reflexive, (V*)* = V, one has 

T:V^V*, T*:V^V* (2.5) 
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and 

v{u,Tv)v* = v*{T*u,v)(v*)* ^ v*{T*u,v)v = v{v,T*u)v-- (2.6) 
Self-adjointness of T is then defined hy T — T* , that is, 



v{u,Tv)v* =v*{Tu,v)v = v{v,Tu)v, u,v£V, (2.7) 

nonnegativity of T is defined by 

v(u,ru)v*>0, ueV, (2.8) 

and boundedness from below ofT by ct (z R is defined by 

v{u,Tu)v > ct\\u\\1^, ueV. (2.9) 

(By (|2.4p . this is equivalent to v{u,Tu)\!* > ct v{u,u)v , u e V.) 

Next, let the sesquilinear form a(-,-):VxV— >C (antilinear in the first and 
linear in the second argument) be V -bounded, that is, there exists a Ca > such 
that 

\a{u,v)\ i^Ca\\u\\v\\v\\v, u,veV. (2.10) 

Then A defined by 

A: I^^T' 

1 w I— >■ Av = a{ - , v), 

satisfies _ _ 

AG B(y,V*) and v{u,Av)^, ^ a{u,v), u,v€V. (2.12) 

Assuming further that a( • , • ) is symmetric, that is, 



(2.11) 



a{u,v) = a{v,u), u,v£V, (2-13) 
and that a is V-coercive, that is, there exists a constant Cq > such that 

a(u,M) > Co||m||v, ueV, (2.14) 

respectively, then, 

A: V — > V* is bounded, self-adjoint, and boundedly invertible. (2.15) 
Moreover, denoting by A the part of A in "H defined by 

doia{A) ^ {ueV\Au en} cn, A ^ A\^^^^^^y. dom{A) ^ n, (2.16) 
then A is a, (possibly unbounded) self-adjoint operator in T-L satisfying 

A>CoIn, (2.17) 
dom{A^/^) = V. (2.18) 

In particular, 

A-^ e B{H). (2.19) 
The facts (|2.1l) - (|2.19p are a consequence of the Lax-Milgram theorem and the 
second representation theorem for symmetric sesquilinear forms. Details can be 
found, for instance, in [H Sects. VI.3, VII.l], \W, Ch. IV], and [41]. 

Next, consider a symmetric form 6(-,-):VxV— >-C and assume that b is 
bounded from below by Cb G R, that is, 

b{u,u) >Cb\\u\\l^, ueV. (2.20) 

Introducing the scalar product (•, ■)v^: VxV^C (and the associated norm 1| • 1| v^) 

by 

{u,v)vt ^ b{u,v) + {I - Cb)iu,v)-H, u,veV, (2.21) 
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turns V into a pre-Hilbert space (V; ( • , ■)vi), which we denote by Vb- The form 
b is caUed closed in H if Vb is actually complete, and hence a Hilbert space. The 
form b is called closable in H if it has a closed extension. If b is closed in Ji, then 

\b{u,v) + {l-Cb){u,v)n\ii\\u\\v,\\v\\v„ u,veV, (2.22) 

and 

\biu,u) + {l-Cb)\\u\\l\^\\u\\l^, ueV, (2.23) 

show that the form b{- , • ) + (1 — €&)( • , • )-h is a symmetric, V-bounded, and V- 
coercive sesquilinear form. Hence, by (|2.1ip and (|2.12p . there exists a linear map 

\ ^'^i?c,« = &(-,«) + (l-Cb)(-,t')«, 

with 

eS(Vb,V,*) and v,(w,S,,«)v. = &(m, v) + (1 - C6)(m, w)«, M,we V. (2.25) 

Introducing the linear map 

B = Bc, + {cb-l)T:Vb^V;, (2.26) 

where / : V;, '-^ denotes the continuous inclusion (embedding) map of V;, into 
V^, one obtains a self-adjoint operator i? in "H by restricting B to H, 

dom(B) = {u e V I e -H} C -H, B = Sj^^^^^^ : dom(B) ^ (2.27) 
satisfying the following properties: 

B > cbin, (2.28) 

dom(|B|i/2) ^ dom((B - Cbln)^/^) = V, (2.29) 

biu,v)^{\B\'/^u,UB\B\'^^v)^ (2.30) 

= {{B - cbluf'^u, (B - cblny/^).^ + cb{u, v)h (2.31) 

= v,{u.Bv)^,, w,weV, (2.32) 

b{u, v) = (m, Bw)w, m e V, w e dom(B), (2.33) 
dom(i3) = {u e V I there exists an /„ e "H such that 

6(w, w) = (w, /^)w for all u; G V}, (2.34) 
= fu, u Cz dom(i?), 

dom(_B) is dense in H and in Vb- (2.35) 

Properties (|2.34l) and (|2.35p uniquely determine B. Here Ub in (|2.31l) is the partial 
isometry in the polar decomposition of i?, that is, 

B = Ub\BI |B| = (B*B)1/2 > 0. (2.36) 

The operator B is called the operator associated with the form b. 
The norm in the Hilbert space is given by 

Pllv; =sup{|v,(u,^)v*||lkllv, eeVt, (2.37) 

with associated scalar product, 

(4,4)v- = v,((S + (l-Cb)7)"'^i,^2)v., iuheV;. (2.38) 
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In particular, 



Since ^ ^ 

\\{B + il-cb)l)v\\^,^\\v\\v„ veV, (2.39) 

the Riesz representation theorem yields 

(S + (1 - Cb)l) e BiVb, Vfc*) and (S + (1 - Cb)l) : Vb ^ V^* is unitary. (2.40) 

In addition, 

v,{u, (S + (1 - cb)l)v)^, - {{B + (1 - C6)/?,)'/\, {B+{1- CbWf'^v)^ 

= {u,v)v,, u,veVb. 

(2.41) 

||(B + (l-Cfc)/«)i/2u||^ = ||w||v„ ueVt, (2.42) 
and hence 

iB+il-Cb)Iny/^ &B{Vb,n) and (S + (l-Cfc)/«)i/2 ; ^ -H is unitary. (2.43) 

The facts (|2.20p - (|2.43p comprise the second representation theorem of sesquilinear 
forms (cf. Sect. IV.2], Sects. 1.2-1.5], and 01 Sect. VI.2.6]). 

A special but important case of nonnegative closed forms is obtained as fol- 
lows: Let Hj, j — 1,2, be complex separable Hilbert spaces, and T: dom(r) — > 
^.2, dom(T) C Hi, a densely defined operator. Consider the nonnegative form 
ar : dom(r) x dom(r) C defined by 

aT{u,v) = {Tu,Tv)-H2, u,vedom{T). (2.44) 

Then the form ar is closed (resp., closable) in Hi if and only if T is. If T is 
closed, the unique nonnegative self-adjoint operator associated with ar in Hi , whose 
existence is guaranteed by the second representation theorem for forms, then equals 
T*T > 0. In particular, one obtains in addition to (|2.44p . 

aTiu,v) = {\T\u,\T\v)n„ u, w G dom(r) = dom(|T|). (2.45) 
Moreover, since 

b{u, v) + {l- Cb){u, v)n = {{B + Cb)lHY'^u, (S + (1 - CbW)^'^)^, ^ ^ 

(2 46) 

u,v£ dom(6) = dom(|B|i/2^ = V, 

and {B + {1 — Cb)I-HY^^ is self-adjoint (and hence closed) in "H, a symmetric, V- 
bounded, and V-coercive form is densely defined inV. xV. and closed in H (a fact 
we will be using in the proof of Theorem 14.51) . We refer to [Ml Sect. VI. 2. 4] and 
[53l Sect. 5.5] for details. 

Next we recall that if aj are sesquilinear forms defined on dom(aj), j — 1,2, 
bounded from below and closed, then also 

j (dom(ai) n dom(a2)) X (dom(ai) n dom(a2)) C, 
(ai + 02) : < (2-47) 

(u, v) (ai + a2)(u, v) = ai{u, v) + a2{u, v) 

is bounded from below and closed (cf., e.g., f34l, Sect. VI. 1.6]). 

Finally, we also recall the following perturbation theoretic fact: Suppose a is a 
sesquilinear form defined on V x V, bounded from below and closed, and let 6 be a 
symmetric sesquilinear form bounded with respect to a with bound less than one, 
that is, dom(6) ^ V x V, and that there exist ^ a < 1 and /3 ^ such that 

|6(m,u)| s; a|a(u,w)| -I-/3||m||^, ueV. (2.48) 
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Then 

"I (u, w) n- (a + u) = a(u, w) + w) ^ ^ 

defines a sesquilinear form tliat is bounded from below and closed (cf., e.g., |341 
Sect. VI. 1.6]). In the special case where a can be chosen arbitrarily small, the form 
b is called infinitesimally form bounded with respect to a. 

Finally we turn to a brief discussion of operators with purely discrete spectra. 
We denote by #5 the cardinality of the set S. 



^-M:=iSt^, O^ueV. (2.54) 



Lemma 2.1. Let V, H be as in (|2.H) . ()2.2|) . Assume that the inclusion lv : V ^ H 
is compact, and that the sesquilinear form a(-,-) : V x V — > C is symmetric, V- 
bounded, and suppose that there exists k > with the property that 

ai^{u,v) := a{u,v) + k{u,v)-h, u,veV, (2.50) 

is V-coercive. Then the operator A associated with a(-, •) is self-adjoint and bounded 
from below. In addition, A has purely discrete spectrum 

aess(A)=0, (2.51) 

and hence (j{A) = {Aj(yl)}jeN, with Xj{A) — > oo as j — > oo, 

-K<Xi{A) < A2(A) <■■■ <Xj{A) < Xj+i{A) < ■■■ . (2.52) 

Here, the eigenvalues Xj{A) of A are listed according to their multiplicity. Moreover, 
the following min-max principle holds: 

XAA)= min { max Ra[u]), j G N, (2.53) 

sub space of V \0^u£Lj / 

dim(Lj)=j 

where Ra[u] denotes the Rayleigh quotient 

a{u, u) 
W ' 

As a consequence, if Na is the eigenvalue counting function of A, that is, 

NA{X):^if{j eN\X,{A)<X}, A e M, (2.55) 

then for each A G M one has 

Na{X) = max I dim(iy) G Nq | L a subspace of V with a{u,u) < A||w||^, u G L}. 

(2.56) 

Proof. Analogous claims for the operator B associated with the V-coercive form 
a„(-,-) are well-known (cf., e.g., [HI Sect. VI. 3. 2. 5, Ch. VII]). Then the corre- 
sponding claims for A follow from these, after observing that B — A + kI-h, 
Ra^[u] = Ra[u] + K, Xj {B) = Xj{A) + K, and iVi3(A) = Na{X - k), A G M. □ 

A closely related result is provided by the following elementary observations: Let 
c G M and B > cl-u be a self-adjoint operator in H, and introduce the sesquilinear 
form b inJi associated with B via 

b{u,v)^{{B-cIny/^u,iB-cIny/^v)^ + c{u,v)n, , ^ 

(2 57) 

M,w G doni(&) = dom(|i?|^/^). 
Given B and b, one introduces the Hilbert space C H by 
H,= (dom(|i?|i/2), (,.)«,), 
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(m, v)u, - b[u, v) + {l- c)(u, v)h (2.58) 
= {{B - cI^Y'^u, [B - cInY'\)^ + [u, v)n 
= {{B + (1 - c)/«)i/2«, (B + (1 - c)InY/\)^. 

Of course, 'Hb plays a role analogous to Vb in ()2.2ip . As in (|2.43p one then observes 
that 

(B + (1 - c)/^^)i/2 -.Ub^H is unitary. (2.59) 

Lemma 2.2. iet B, b, and Hb be as in ((2?57l) - (|2?59l) . Then B has purely 
discrete spectrum, that is, a^ssiB) = 0, if and only ifHb ^ "H compactly. 

Proof. Denoting by J-u^ — I-ulub the inclusion map from Hb into "H, one infers that 

H > Hb ^ H. (2.60) 

Thus, one concludes that 
Hb ^ H compactly ■^=> J-u,, G Boo{Hb,H) 

^ [Jn,{B + (1 - c)/h)"'/'] {B + {1- c)IhY'^ e BooiHb, H) 

^ JnAB + {I - c)Iny'^^ e BooiH) ^ {B + {1 - c)!^)-'/^ e Boo{n) 

^ (B-zIn)-' eBoo{H), zeC\a{B) 

^ aess(B) = 0, (2.61) 

since (B + (1 - Cb)/^)!/^ Hb ^ H is unitary by ^M^. □ 

Throughout this paper we are employing the following notation: The Banach 
spaces of bounded and compact linear operators on a Hilbert space H are denoted 
by B{H) and Boo{H), respectively. The analogous notation B{Xi,X2), Boo{Xi, X2), 
etc., will be used for bounded and compact operators between two Banach spaces 
Xi and X2. Moreover, Xi ^ X2 denotes the continuous embedding of the Banach 
space Xi into the Banach space X2 . 

3. SoBOLEv Spaces in Lipschitz Domains 

The goal of this section is to introduce the relevant material pertaining to Sobolev 
spaces H^{il) and H^{dfl) corresponding to subdomains ft of M", n e N, and discuss 
various trace results. 

We start by recalling some basic facts in connection with Sobolev spaces corre- 
sponding to open subsets ft C M", n S N. For an arbitrary m G N U {0}, we follow 
the customary way of defining L^-Sobolev spaces of order ±m in fl as 

i7"(f7) := {u e L^{n;d''x) \ d"u E L^{n;d'^x) for < |a| < m}, (3.1) 
H-''\n) -.^ lueV'iQ) u= J2 d^ua,, with Ua^e L\n;d''x),0<\a\<m\, 

^ \a\<m ^ 

(3.2) 

equipped with natural norms (cf., e.g., [TJ Ch. 3], [121 Ch. 1]). Here 2?'(ri) denotes 
the usual set of distributions on J7 C R". Then one sets 

i/o"(f^) the closure of C^{n) in i7"(17), m e N U {0}. (3.3) 
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As is well-known, all three spaces above are Banach, reflexive and, in addition, 

{Hi;\n)y ^ H-"^in). (3.4) 

Again, see, for instance, [Ti, Ch. 3], [42, Sect. 1.1.14]. Throughout this paper, we 
agree to use the adjoint (rather than the dual) space X* of a Banach space X. 

One recalls that an open, nonempty, bounded set ft C M" is called a bounded 
Lipschitz domain if the following property holds: There exists an open covering 
{Oj}i<j<N of the boundary dil of such that for every j £ {1, ...,N}, Oj n ft 
coincides with the portion of Oj lying in the over-graph of a Lipschitz function ipj : 
M"^^ — ^ R (considered in a new system of coordinates obtained from the original 
one via a rigid motion). The number max{|jV(pj||ioo(]{n-i.£(n-i2./-) 1 1 < j < N} is 
said to represent the Lipschitz character of f2. 

The classical theorem of Rademacher of almost everywhere differentiability of 
Lipschitz functions ensures that, for any Lipschitz domain il, the surface measure 
d"~^uj is well-defined on dfl and that there exists an outward pointing normal 
vector v at almost every point of dfl. 

In the remainder of this paper we shall make the following assumption: 

Hypothesis 3.1. Let n £ N, n > 2, and assume that Q C M" is a bounded Lipschitz 
domain. 

As regards L^-based Sobolev spaces of fractional order s G M, in a bounded 
Lipschitz domain f2 C K" we set 

H'i^n ■■= [u e 5'(M") ||C/||^.(R„) - J^^ d"^ \U{0\\l + le^) < ooj, (3.5) 
H'iQ) := {u e V\n) I u = U\n for some U £ H%W')}. (3.6) 

Here iS'(R") is the space of tempered distributions on R", and U denotes the 
Fourier transform oi U £ 5'(R"). These definitions are consistent with (|3.ip - p.2p . 
Moreover, so is 

i/o"(f7) := {u e i?"(M") |supp(u) cH}, seR, (3.7) 

equipped with the natural norm induced by H^{M."), in relation to p.3p . One also 
has 

(H^in))* = H-^n), s£R (3.8) 
(cf., e.g., [33] )• For a bounded Lipschitz domain ft C M" it is known that 

(H'in))* ^ H-'^iQ), -l/2<s<l/2. (3.9) 

See [5T] for this and other related properties. 

To discuss Sobolev spaces on the boundary of a Lipschitz domain, consider first 
the case when H. C M" is the domain lying above the graph of a Lipschitz function 
ip: M"^^ — > M. In this setting, we define the Sobolev space H'^^dfl) for < s < 1, 
as the space of functions / £ L^{dfl;d"~^uj) with the property that f{x',(f{x')), 
as a function of x' £ M"^^, belongs to _ff''(R"~^). This definition is easily adapted 
to the case when is a Lipschitz domain whose boundary is compact, by using a 
smooth partition of unity. Finally, for — 1 < s < 0, we set 

H'^idfl) ^ {H-''{dn))*, -Is^ss^O. (3.10) 

From the above characterization of H^{dfl) it follows that any property of Sobolev 
spaces (of order s £ [—1,1]) defined in Euclidean domains, which are invariant under 
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multiplication by smooth, compactly supported functions as well as compositions 
by bi-Lipschitz diffeomorphisms, readily extends to the setting of H'^{dil.) (via 
localization and pull-back). As a concrete example, for each Lipschitz domain 
with compact boundary, one has 

H^idn) L^{dn; cT-^uj) compactly if < s < 1. (3.11) 

For additional background information in this context we refer, for instance, to [6], 
[7], [m Chs. V, VI], |30l Ch. 1], gH Ch. 3], [Ml Sect. 1.4.2]. 

Assuming Hypothesis 13.11 we introduce the boundary trace operator (the 
Dirichlet trace) by 

^l:C(rL)^C{dn), ^lu^u\dn. (3.12) 
Then there exists a bounded linear operator 713 

713: H'in) H'-'^^/'^Udn) ^ L'^{dn-(P-^uj), 1/2 < s < 3/2, 

(3 13) 

-fo: H^'^{n)~^ H^^'idn)'^ L^idn-.d^^^u:), e £ (0, 1) 

(cf., e.g., |441 Theorem 3.38]), whose action is compatible with that of 7^. That 
is, the two Dirichlet trace operators coincide on the intersection of their domains. 
Moreover, we recall that 

713 : H'-'-^^^\dn) is onto for 1/2 < s < 3/2. (3.14) 

Next, retaining Hypothesis 13.11 we introduce the operator 7jv (the strong Neu- 
mann trace) by 

-fN ^i^-Id"^- H'+^n)^ L^{dn;d''-^u), l/2<s<3/2, (3.15) 

where v denotes the outward pointing normal unit vector to dfl. It follows from 
p. 131) that 7Ar is also a bounded operator. We seek to extend the action of the 
Neumann trace operator (j3.15l) to other (related) settings. To set the stage, assume 
Hypothesis 13.11 and observe that the inclusion 

l: H'^'in) ^ {H''{n))*, So > -1/2, r > 1/2, (3.16) 

is well-defined and bounded. We then introduce the weak Neumann trace operator 

7Ar: {ue H'+'^/^{n)\Aue H'"{n)} H'~\dn), sG (0,1), sq > -1/2, 

(3.17) 

as follows: Given u G H''+^/'^{n) with Au € H'''>{il) for some s E (0,1) and 
So > -1/2, we set (with t as in (PTTHl) for r := 3/2 - s > 1/2) 

(0,7ArM)i_s = ^i/2-.(f3)(V<I>, Vw)(Hi/2-=(o)). +H-V2-.(o)(*,'-(Au))(^3/2-=(n))., 

(3.18) 

for all (f> e H^-'{dn) and $ G H^^'^-'{n) such that 7£,<I> = (f). We note that the 
first pairing on the right-hand side of p. 181) is meaningful since 

(H^^^-'in))* = i/^-i/2(ri), s G (0, 1), (3.19) 

and that the definition (|3.18p is independent of the particular extension $ of (p, 
and that "fN is a bounded extension of the Neumann trace operator defined in 
(|3T5| . 
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4. Laplace Operators with Nonlocal Robin-Type 
Boundary Conditions 

In this section we primarily focus on various properties of general Laplacians 
— Ae,r2 in L^{i^',d"x) including Dirichlet, —Ajj^q, and Neumann, A^v.^, Lapla- 
cians, nonlocal Robin-type Laplacians, and Laplacians corresponding to classical 
Robin boundary conditions associated with bounded Lipschitz domains C M". 

For simplicity of notation we will denote the identity operators in L^(r2;(i"a:) 
and L^{dn; (i"~^a;) by In and Ion, respectively. Also, in the sequel, the sesquilinear 
form 

{■,-)s = H^idn){-,-)H-^m)- H'i9^)^H-%dn)^C, se[0,l], (4.1) 

(antilinear in the first, linear in the second factor), will denote the duality pairing 
between H''{dil) and 

H-%dn) ^ {H'{dn)y, se[0,l], (4.2) 

such that 

Jdn (4.3) 

/ e H'{dn), g e L^{dn;d'^-^uj) ^ H-'{dn), s G [0,1], 

where, as before, c?"~^a; stands for the surface measure on dil. 

We also recall the notational conventions summarized at the end of Section [2j 

Hypothesis 4.1. Assume Hypothesis 13.11 suppose that S > is a given number, 
and assume that Q G B(^H^^^(dfl), H^^^'^{dfl)) is a self-adjoint operator which can 
be written as 

6^91 + 62 + 63, (4.4) 
where Qj , j = 1, 2, 3, have the following properties: There exists a closed sesquilin- 
ear form aQ„ in L^{dfl;d^^^^uj), with domain H^/'^{dVl) x H-^/^{dn), bounded from 
below by cq^ G M (hence, aeo symmetric) such that if Qq ^ cq^Iq^ denotes the 
self-adjoint operator in L^(dfl;d"~^Lu) uniquely associated with (c/. (I2.27p ). 
then 61 — 60, the extension of Qo to an operator in B(^H^^'^{dfl), H^^^^(dfl)) (as 
discussed in (|2.26p and (12.32^ ). In addition, 

&2^Boo{H^'\dn),H-^'\dn)), (4.5) 

whereas 63 G B{H^/^{dn), H-^/^{dn)) satisfies 

l|03|lB(//i/2(ao),ff-i/2(an)) < ^- (4-6) 

We recall the following useful result. 

Lemma 4.2. Assume Hvvothesis \'SA\ Then for every e > there exists a /3(e) > 
{with /3(e) = 0(l/e)) such that 

\hDu\\l2(^9n.,ci^-i^) «;e||Vii||i2(0;d.,)„+/3(e)||ii||i.(f,.^„,), ueH\n). (4.7) 

A proof from which it is possible to read off how the constant /3(e) depends on 
the Lipschitz character of ft appears in [5S]. Below we discuss a general abstract 
scheme which yields results of this type, albeit with a less descriptive constant /3(c). 
The lemma below is inspired by [5J Lemma 2.3]: 



SOME REMARKS ON A PAPER BY FILONOV 



13 



Lemma 4.3. Let V be a reflexive Banach space, W a Banach space, assume that 
K G ;Boo(V, V*), and that T G S(V,W) is one-to-one. Then for every e > there 
exists Ce > such that 

\v{u,Ku)v^\<e\\u\\l + C,\\Tu\\ly, u G V. (4.8) 

Proof. Seeking a contradiction, assume that there exist e > along with a family 
of vectors Uj G V, ||uj||v = 1, j £ N, for which 

\v{uj,Kuj)v*\>e + j\\Tuj\\^^, jeN. (4.9) 

Furthermore, since V is reflexive, there is no loss of generality in assuming that 
there exists u G V such that Uj — >■ u as j — ?> oo, weakly in V (cf., e.g., [351 
Theorem 1.13.5]). In addition, since T (and hence T*) is bounded, one concludes 
that Tuj — >■ Tu as j — ?> oo weakly in W, as is clear from 

w{Tuj,A)w* — i){u.j,T*A)v-* — > v{u,T*A)v — w{Tu,A)w*, A G W*. 

(4.10) 

Moreover, since K is compact, we may choose a subsequence of {uj}jgN (still de- 
noted by {ujljgN) such that Kuj — > Ku as j — oo, strongly in V*. This, in turn, 
yields that 

i>{uj, Kuj)\>* y{u,Ku)\)* as — > oo. (4-11) 

Together with 

\\Tujfy^<j-^\v{uj,Ku,)v:l jgN, (4.12) 

this also shows that Tuj -> as j -> oo, in W. Hence, Tu = in W which 
forces w = 0, since T is one-to-one. Given these facts, we note that, on the one 
hand, we have y{uj, Kuj)\>-' — as j — oo by (|4.1ip . while on the other hand 

v{uj, Kuj)\)* > e for every j G N by (|4.9|) . This contradiction concludes the 

proof. □ 



Parenthetically, we note that Lemma 14.21 (with a less precise description of the 
constant /3(e)) follows from Lemma 11751 bv taking 

V B^iSl), W L^(17, iTx), (4.13) 

and, with 7/3 G i3oo(-ff'^(^^), -^^(951; (i"^^a;)) denoting the Dirichlet trace, 

K:^-i}j-io^B^{H\^)\H^{^))*), T:=i:H\n)^L\n,d"x), (4.14) 

the inclusion operator. 

Lemma 4.4. Assume Hypothesis 14.11 where the number 5 > is taken to be 
sufficiently small relative to the Lipschitz character offl. Consider the sesquilinear 
form ae( • , • ) defined on H^{Q,) x H^(il) by 



ae{u,v):^ d''x(yu)ix)-{Vv){x) + {-fDU,e"fDv).,^, u,v e H\n). (4.15) 

Then there exists k > with the property that the form 

ae,ii{u,v) := ae{u,v) -\- K{u,v)L2(n-d"x), u,v <^ H^{Vt), (4.16) 
is (fl)-coercive. 

As a consequence, the form (|4.15p is symmetric, H^{fl) -bounded, bounded from 
below, and closed in L^{fl]d"'x). 
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Proof. Wc shall show that k > can be chosen large enough so that 

u e H^{VL), j = 1,2,3, 

where Qj, j = 1, 2, 3, are as introduced in Hypothesis 14. II Summing up these three 
inequalities then proves that the form (|4.16p is indeed _ff^(il)-coercive. To this end, 
we assume first j = f and recall that there exists cq^ e R such that 

(7DU,ei7Du)i/2 > ceoll7Du||i2(gf2;d"-i<^): ueH^iQ). (4.18) 
Thus, in this case, it suffices to show that 

max{-ceo , 0} ||7-Dw|||2(ao;d—i<^) + ^MlnHn) 

< \ f crx\(Vu){x)\^ f rx\u{x)\\ ueH\n), (4.19) 

or, equivalently, that 

max{-C0„ , 0} |l7Du|li2(an.rf„-i„) 

<l f d''x\iVu){x)\^ + ^^^—^ f d''x\u{x)\\ ueH\n), (4.20) 



67o " " 6 
with the usual convention 



\MUn) = l|V«ll^.,„^,„^,„ + ll"ll!.,,.„.., - e H\n). (4.21) 
The fact that there exists k > for which (|4.20p holds follows directly from Lemma 

Next, we observe that in the case where j = 2, 3, estimate (I4.17P is implied by 

(4.22) 



or, equivalently, by 

K7i5«,e,7o7/)^/2l ^ i||u||^i(^) + ^||t.||i2(0;d-.,), u^H\n). (4.23) 

When j — 2, in which case 02 G Boo{H^{Vt),{^H^{Vt)Y) , wc invoke Lemma [4.31 
with V, W as in (l4l^ and, with 7^ e B{H'^{n),H'^/'^{dn)) denoting the Dirichlet 
trace, 

K ■.= -f},Q2lD^B^{H\n),{H\n))*), T:=i:H\n)^L'{n,d^x), (4.24) 

the inclusion operator. Then, with e = 1/6 and n 3Ci/6 + 1, estimate ()4.8p 
yields (jiTM)) for j = 2. 

Finally, consider (|4.23p in the case where j — i and note that by hypothesis, 

|(7_DU, e37£)u);^/2l - ll®3||e(ffi/2(an),//-i/2(af2))ll7Dw||^i/2(3f^) 

< '^ll7D|le(//i(o),ffi/2(ao))l|w||?/i(j7)> ueH\n). (4.25) 
Thus (H:^ also holds for j = 3 if 

< <5 < ^ll7D|lB(V(o),ifi/2oa)) At > 1. (4.26) 
This completes the justification of (|4.17p . and hence finishes the proof. □ 
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Next, we turn to a discussion of nonloeal Robin Laplacians in bounded Lipschitz 
subdomains of M". Concretely, we describe a family of self-adjoint Laplace operators 
— Ae,n in L^{^] c?"x) indexed by the boundary operator 8. We will refer to — Ae,n 
as the nonlocal Robin Laplacian. 



Theorem 4.5. Assume Hypothesis 14.11 where the number S > is taken to be 
sufficiently small relative to the Lipschitz character offl. Then the nonlocal Robin 
Laplacian, — Ae.o, defined by 

- Ae,o = -A, (4.27) 

dom(-Ae,o) = {u e H^{n) \ Au e L^ifl^d'^x), {^n + Qid)u = m H-^/^{dn)} 

is self-adjoint and bounded from below in L'^{il;d"x). Moreover, 

dora{\-Aesi\'/')=HHn), (4.28) 

and — Ae,a, has purely discrete spectrum bounded from below, in particular, 

'Tcss(-Ae.n) = 0. (4.29) 

Finally, — Ae,n is the operator uniquely associated with the sesquilinear form qq 
in Lemma\4:A\ 



Proof. Denote by a-Aen('j ') the sesquilinear form introduced in (|4.15p . From 
Lemma 14.41 we know that a_Ae s7 is symmetric, i?^(r2)-bounded, bounded from 
below, as well as densely defined and closed in L"^ [Q,; x) x L^{Vl\d'^x). Thus, if 
as in (|2.34p . we now introduce the operator — Ae,j2 in L^{Q,] d^x) by 



dom(-Ae,j^) = |v e H\^l) 



there exists a G L'^{^l;d^x) such that 



d"-xVwVv + {■~fDW,Q^Dv)^,^ = I for ah w e iJ^(ri) 

SI ' Jn 

-Ae^fju = w e dom(-Ae,o), (4.30) 

it follows from (cf., in particular (H^Zl) that -Ae,o is self-adjoint 

and bounded from below in L^{il; d^x) and that (|4.28p holds. Next we recall that 

H^in) = {ue H^{n) I -/DU on dn}. (4.31) 

Taking v € Cg°{n) ^ H^{n) ^ H^n), one concludes 

/ d^xvwu = d'^xvAu for ah v £ C^{Q), and hence Wu — —Au in I?'(il), 
Jn Jn 

(4.32) 

with 'D'{fl) = C^{iiy the space of distributions on ft. Going further, suppose that 
u e dom(-Ae,o) and v £ H^{n). We recah that 7d : H^{n) H^/\dn) and 
compute 

/ d^x\/v\/U — — I d"xV Au + {■-fDV,^Nu)i/2 

Jn Jn 

d^xV^Vu + {-fDV, {jn + 6713) u)^ (4.33) 



n 
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where we used the second line in ()4.30|) . Hence, 

(7D«, (7iv + 6713) u) = 0. (4.34) 

Since v G H^{Q) is arbitrary, and the map 7^1: H^{ri) H^/^{dfl) is actually 
onto, one concludes that 

ilN + &"/d)u = in H-^^^{dn). (4.35) 

Thus, 

dom(-Ae,n) ^ {v £ H^{n)\Av e L^{n;d"x), {jn + Qid)v ^ in H-^/^{dn)} . 

(4.36) 

Next, assume that u e {v e H^{n) | Av G L^(il; (i"a;), (jn + Qjd)v = O}, w e 
H\n), and let w„ = -Au e L'^ {n; d"- x) . Then, 

/ d^xwwu = d"'xwdiv{Vu) 
Jn Jn 



d^x Vw Vu — {jdw, Jnu)i/2 

I 

d"-x'^\/u + {-fDW,<djDu)^,^. (4.37) 

Thus, applying (|4.30p . one concludes that u £ dom(— Ae,o) and hence 

dom(-Ae,o) 3 € H^{^) \ Av e L'^{n; d"x), (7^ + e)jD)v = in H-^/^{dn)}. 

(4.38) 

Finally, the last claim in the statement of Theorem 14.51 follows from the fact that 
H^{fl) embeds compactly into L^{i};d^x) (cf., e.g., [HI Theorem V.4.17]); see 
Lemma 12.11 □ 



In the special case = 0, that is, in the case of the Neumann Laplacian, we will 
also use the notation 

- An^q ■■= -Ao^a. (4.39) 
The case of the Dirichlet Laplacian — A^^o associated with fl formally corresponds 
to 8 = 00 and so we isolate it in the next result (cf. also |24], [27]): 

Theorem 4.6. Assume Hvvothesis 13.11 Then the Dirichlet Laplacian, —Ad^q, 
defined by 

- Ad,o = -A, 

dom(-Ai3.j^) = {ue H\n) I Alt e L'^{n; d"a;), -fou = in H'^^'^{dn)} (4.40) 
= {ue H^{n) I Au e L^in-^d'^x)}, 

is self-adjoint and strictly positive in (fl; d"^ x) . Moreover, 

dom{i-ADsd'^') ^ H^m- (4.41) 

Since f2 is open and bounded, it is well-known that —Ajj q has purely discrete 
spectrum contained in (0,oo), in particular, 

a,U-^D,n) = 0. (4.42) 

This follows from (|4.41l) since i?o(£^) embeds compactly into L^{fl; d^x); the latter 
fact holds for arbitrary open, bounded sets C R" (see, e.g., [THJ Theorem V.4.18]). 
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5. Eigenvalue Inequalities 
Assume Hypothesis 14.11 and denote by 

Ae,n,i < Ae,o,2 < ■ ■ ■ < Ae,oj < ^e.nj+i < • • ■ (5.1) 

the eigenvalues for the Robin Laplacian — Ae,n in L^{il;(Px), hsted according to 
their multiphcity. Similarly, we let 

< ^D.n,! < XD,n,2 < • • • < ^D.nj < XD,nj+i < • • • (5.2) 

be the eigenvalues for the Dirichlct Laplacian — A^i^n in L^{^; d"x), again enumer- 
ated according to their multiplicity. 

Theorem 5.1. Assume Hvvothesis 14.11 where the number S > is taken to be 
sufficiently small relative to the Lipschitz character of Q and, in addition, suppose 
that 

(7z3(e*"-''), e7D(e"-''))^/2 < for all 77 e M". (5.3) 

Then 

n,j, j G N. (5.4) 

Proof. One can follow Filonov |20) closely. The main reason we present Filonov's 
elegant argument is to ensure that this continues to hold in the case when a non- 
local Robin boundary condition is considered (in lieu of the Neumann boundary 
condition) . Recalling the eigenvalue counting functions for the Dirichlet and Robin 
Laplacians, one sets for each A G M, 

NdW ■■= # W{-AD,n) n (-^, A]}, NeiX) # {^^(-Ae.o) n (-00, A]}. (5.5) 
Then Lemmas 12.11 and 14.41 ensure that for each A e M one has 



NoiX) max<^ dim(i) e Nq 



L a subspace of -ffo(^^) such that 
d-x \iS/u){x)\' < Ah||i.(^^,„,) for aWueL^ (5.6) 



and 



Ne{X) = max | dim(L) e No 



L a subspace of H^{Q) with the property that 



d''x\{\/u){x)\^ + {-fDU,QjDu) 1/2 < A||u||i2(f2.<j„^) foraUMGij. (5.7) 

Next, observe that for any A G C, 

ffi(f7) nker(-Ae^o -XIn) = {0}. (5.8) 

Indeed, if u e F^(r2) nker(-Ae,n - A/n), then u G H^{n) satisfies (-A- A)u = 
in Q and jdu — Jnu = 0- It follows that the extension by zero of u to the entire 
M" belongs to iJ^(K"), is compactly supported, and is annihilated by —A — A. 
Hence, this function vanishes identically, by unique continuation (see, e.g., |48| p. 
239-244]). 

To continue, we fix A > and pick a subspace Ux of Hq{Q) such that dim(C/A) — 
NoiX) and 

d"a; |(V?i)(a;)p < A / |u(a;)p, ueUx- (5.9) 
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Then the sum Ux+ ker(— Ae,o — XIn) is direct, by ()5.8p . Since the functions 
|gia: i) I g i^n^ _ y'^i linearly independent, it follows that there exists 
a vector 770 G M" with I770I = \/A and such that e*^ '"' does not belong to the 
finite-dimensional space U\ + ker(— Ae.jj — A/ji). Assuming that this is the case, 
introduce 

Wx := Ux + kcT{-Ae.n -XIn) + {ce"-"" | c e C}, (5.10) 

so that Wx is a finite-dimensional subspace of H^{n). Let = u + u + ce^^'^° be 
an arbitrary vector in W^^, where u S {/a, « S ker(— Ae.o — A/o), and c e C. We 
then write 

d''x\{Ww){x)f + {jDW,QjD'w)i/2 

= f rf"x|V(u + V + ce"-'"')|2 + {ja{v + ce"'""), e7D(« + ce'^""'))i/2 
d"x{\\/uf + \\/vf + \c7jof) 

+ 2Re ^ ^ [Vw • V(u ce"''"') -I- V(ce"-''«) • Vu] ^ 

+ (7Z3(« + ce"-"«), e7D(« + ce"-"«))i/2 
=:/i+/2+/3. (5.11) 
An integration by parts shows that 



Jn 

[ d^x\v\^-{^DV,&lDv)i/2 (5.12) 



where the last equality holds thanks to —Aw = Xv and jnv = —QjdV- We now 
make use of this, (|5.9p . the fact that jryop = A, in order to estimate 



/i < A / + \vf + \cf] ~ {^dv, Qidv)i/2. (5.13) 



Similarly, 

l2^-2Ke(^j d"x [A^{u + ce"-"") + A(ce«-''o)w] j 2Re ((7i5(ce"-'"'),7Arw)i/2) 

= 2XRe(^J d"x[v{u + ce"-i")+7^^^u]^ - 2Re{{jD(ce''''''°),QjDv)i/2)- 

(5.14) 

Thus, altogether, 

d"a:|(Vw)(a:)p -f (7^^, Qidw)i/2 

(5.15) 

<A / d"x|u;(x)p + |cp(7B(e"-"°),e7z5(e"-"°))i/2. 



Upon recalling (|5.3p . this yields 

/ d''x\{Vw){x)\'' + {jDW,ejDw)i/2<X I d"2;|w(a;)|^ w€Wx. (5.16) 
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Consequently, 

Ne{X) > dim{Wx) = dim{Ux) + dim(ker(-Ae,o - A/o)) + 1 

= Arz5(A) +dini(ker(-Ae,o - Mn)) + 1- (5.17) 
Specializing this to the case when A = \D,n.i then yields 

# {(T(-Ae,n) n (-00, Xosi^j)} = ^e(Az),oj) - dini(ker(-Ae,n - ^osij hi)) 

>ND{\D.n^j) + l>] + l- (5.18) 

Now, the fact that ^ {o'(— Ae.o) H (— oo, \D.n,j)} > J + 1 is reinterpreted as (|5.4p . 

□ 

We briefly pause to describe a class of examples satisfying the hypotheses of 
Theorem 15.11 

Example 5.2. Consider the special case s = 1/2 in the compact embedding result 
(|3.1ip . Then a class of (generally, nonlocal) Robin boundary conditions satisfying 
the hypotheses of Theorem 15. II is generated by any operator T € B{L^{dn,; d"~^uj)) 
satisfying T < since the composition of T with the compact embedding operator 

J^i/2(ao) : H^^^dn) ^ L\dn; r~^iu) (5.19) 

yields a boundary operator 9 = TJjyi/2(aQ) S Boo{H^/^{dn), L^{dn)) and hence 
9 e Soo(iri/2(an), H-'^/'^{dn)) is of the type 92 in Hypothesis HH 

We note that condition (|5.3p in Theorem 15.11 can be further refined and we will 
return to this issue in our final Remark 15.51 

The case treated in |2Q] is that of a local Robin boundary condition. That is, it 
was assumed that 9 is the operator of multiplication Mg by a function 6 defined on 
dfl (which satisfies appropriate conditions). To better understand the way in which 
this scenario relates to the more general case treated here, we state and prove the 
following result: 

Lemma 5.3. Assume Hypothesis 13.11 and suppose that 9 = Mg, the operator 
of multiplication with a measurable function 9 : dfl — > R. Suppose that 9 G 
LP{dn-d''-^uj), where 

p = n — 1 if n > 2, and p G (1, oo] if n = 2. (5.20) 

Then 

Q eB^{H^'^{dn),H-^/^{d^l)) (5.21) 
is a self-adjoint operator which satisfies 

l|9|lB(ffi/2(aa),H-i/2(af2)) < C'll^l|Lp(ao;d'— i^), (5.22) 
where C = C{Q,n,p) > is a finite constant. 

Proof. Standard embedding results for Sobolev spaces (which continue to hold in 
the case when the ambient space is the boundary of a bounded Lipschitz domain) 
yield that 

{ 2{n-l) -r f, 
any number in (1, oo) if n = 2. 

(5.23) 
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Since the above embedding is continuous with dense range, via duality we also 
obtain that 

{ 2(n-l) -r . r, 
any number in (1, oo) if n = 2. 

(5.24) 

Together, ((O^ and (lOi)) yield that 

B{L^°{dn;d''~^Lj),L'''{dn;d'''^Lj)) ^ B{H^^\dn), H-^^\dn)) , (5.25) 

continuously. With p as in the statement of the lemma. Holder's inequality yields 
that 

Me e S(L* (dn; dl'-^u), L'^' (dQ; dJ'-^uj)) (5.26) 

and 

ll^6i||e(i,''o(an:d"-iw),L<!i(an;d"-iw)) < C'll^llLp(ao;d"-iLj)i (5-27) 
for some finite constant C = C{dil,p,qa,qi) > 0, granted that 

- + —<-. (5.28) 

p qo qi 

Inequality (j5.28p then holds with equality when n > 2 and, given p £ (l,oo), 
go, 9i can always be chosen as in (I5.23P and (|5.24p when n = 2 so that (|5.28p 
continues to hold in this case as well. In summary, the above reasoning shows that 
e ^ Me e B{H^/^{dn),H-^/^{dn)) and the estimate (lO^ holds. Let us also 
point out that is a self-adjoint operator, since 9 is real-valued. 

It remains to establish (|5.2ip . that is, to show that O is also a compact operator. 
To this end, fix po > P and let 9j e L^" (9r2; d"~^w), j e N, be a sequence of 
real-valued functions with the property that Oj 9 \n U'{d^;<F'~^ijj) as j — > oo. 
Set Qj := Me^ , j € N. From what we proved above, it follows that 

Oj e in B{H^/^{dn),H-'^/^{dn)) as j ~> oo, (5.29) 

and there exists r E (1/2, 1) with the property that 

e B{H'\dn),H-'^/^{dn)), jeN. (5.30) 

Since the embedding H^{dQ) ^ H^/'^{dfl) is compact, one concludes that 

Qj e Boc{H^^^{dn),H-'^/^{dn)), jeN. (5.31) 

Thus, ((g:^ follows from (IOT|) and ((0^)) . □ 

We end by including a special case of Theorem 15.11 which is of independent 
interest. In particular, this links our conditions on Q with Filonov's condition 

d"-^uj{^)e{C) <0 (5.32) 

in the case where 8 = Mg. 

Corollary 5.4. Assume Hypothesis 14.11 where the number 5 > is taken to be 
sufficiently small relative to the Lipschitz character of 17 and, in addition, suppose 
that 

e < (5.33) 
in the sense that (/, 6/)i/2 < for every f e H^/'^{dn). Then holds. 

In particular, assuming Huvothesis 13.11 and O = Mg, with 9 e LP{dfl;d"'^^ui), 
where p is as in (j5.20p . is a function satisfying (j5.32p . then (j5.4p holds. 
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Proof. The first part is directly implied by Theorem 15.11 The second part is a 
consequence of Lemma 15.31 and the conclusion in the first part of Corollary 15.41 
since (|5.33p reduces precisely to (|5.32p for 6 = Me. □ 

Remark 5.5. After submitting our manuscript to the preprint archives we re- 
ceived a preprint version of Safarov's paper [JS] in which an abstract approach to 
eigenvalue counting functions and Dirichlet-to-Neumann maps was developed. His 
methods permit a considerable improvement of condition (|5.3p as described in the 
following: First, we note that in order to obtain the particular inequality 

^e,n.]+i < ^DSi.j for some fixed j e N, (5.34) 

the proof of Theorem 15.11 uses condition (|5.3I) for only one value r/j E R" with 
|77jp = Xn.nj. Unfortunately, we have no manner to determine which rjj to choose 

1/2 

on the sphere Ir]] = Xjl, ^ ^ such that e" ''^ does not belong to the finite-dimensional 

space J7ao -i- ker(-Ae,o - Xo^nj In)- 

On the other hand, applying Remark 1.11 (3) of Safarov [33] (and using that 
crcss(— Ae.o) — 0), to prove that the slightly weaker inequality 

Ae,f2j"+i < XD,n,j for some fixed j e N, (5.35) 

holds, it suffices to find just one element Uj E i/^(f7)\iJQ (fi) satisfying 

Auj e L^(f7;d"a;), -Au^ = \D,n,jUj, (5.36) 

and 

aeiu,v) - AD,nj||uj||i2(0;d"a;) < 0- (5-37) 

Since one can choose Uj{x) = e^^''^^ for any rjj G M" with \rij \ ~ A]^^ ^ , as long as 
(|5.3p holds for t] = rjj, this proves that (|5.35p holds whenever 

(7D(e'^-"0,e7D(e'^"'0)i/2 <0 (5.38) 

for a single vector rjj E M" with |77j| = A^q^-. 

Going further, and applying Remark 1.11 (4) of Safarov (see also the proof of 
Corollary 1.13 in [IH]); one obtains strict inequality in (I5.35P if there exist two ele- 
ments Uj^i,Uj^2 G ^^^(^)\-f^o (^) satisfying (|5.36p and (|5.37p and lin.span {uj i, Uj,2} 
does not contain an element satisfying the boundary condition in — Ae,a. But 
the latter follows from (|5.8p . The two elements Uj,i,Uj^2 can again be chosen as 
Uj,k(.x) = e^^"^^'^ for any ?7j_fe E M" with \r\j^u\ — A^^^, k — 1,2, as long as (|5.3p 
holds for T] = rjj I and 77-,-. 2- Summing up, 

Ae.nj+i < A_D,oj for some fixed j E N, (5.39) 

holds whenever 

(7D(e"-''-''),e7D(e""'-'=))i/2 < (5.40) 

1 /2 

for two vectors r/j^k & IR" with \rij,k \ = n j, k = 1,2. 

While (|5.38p as well as (|5.40p assume the a priori knowledge of XD,n.j, one can 
finesse this dependence as follows: For instance, (|5.35p holds for all j E N whenever 
the set of 77 satisfying inequality (jS.SSp intersects every sphere in M" centered at 
the origin. Similarly, if for some Aq > 0, 

(7i3(e'""''),07D(e"""'))i,2 < for some 770 E K" with I770I - Aq, (5.41) 
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then by continuity of (|5.41|) with respect to 770 (using the boundedness property 
e e B{H^^^{dn),H~^^^{dn))), one infers that (I09)) holds for all eigenvalues 
sufficiently close to Aq, etc. 

Acknowledgments. We are indebted to Mark Ashbaugh for helpful discussions 
and very valuable hints with regard to the literature and especially to Yuri Safarov 
for pointing out the validity of Remark l5.5l to us. 
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